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HYPERGEOMETRIC SOLUTIONS TO SCHRODINGER EQUATIONS FOR 
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Abstract. We consider Schrodinger equations for the quantum Painleve equations. We 
43 , present hypergeometric solutions of the Schrodinger equations for the quantum Painleve equa- 

tions, as particular solutions. We also give a representation theoretic correspondence between 
43 ' Hamiltonians of the Schrodinger equations for the quantum Painleve equations and those of 

, the KZ equation or the confluent KZ equations. 

1. Introduction 

Quantizations of the Painleve equations with affine Weyl group symmetries, in the Heisenberg 
■^j- \ picture, were proposed and studied in [TJ, [11], [12], and [H]. We have called these quantizations, 
quantum Painleve equations. Although it is well-known that the Painleve equations admit exact 
solutions, such as hypergeometric solutions, algebraic or rational solutions, no exact solutions 
of the quantum Painleve equations were given in the previous studies. 

Aiming to construct exact solutions to the quantum Painleve equations, together with M. 
Jimbo and J. Sun, we introduced confluent KZ equations for sh, irregular singular versions of 
the KZ equations [7J. The confluent KZ equations for sh have integral formulas for solutions, 
which take values in confluent Verma modules. We derived the quantum Painleve equations 
in a formal algebraic way from the Heisenberg version of the confluent KZ equations. In the 
derivation process, we need to invert some elements. For the confluent KZ equations associated 
with highest weight-type modules, this invertibility fails. Hence the integral solutions to the 
confluent KZ equations do not give rise to solutions to the quantum Painleve equations. 

However, the work [7J gives us some insight into a possible link between Hamiltonians of 
the (confluent) KZ equations and those of Schrodinger equations for the quantum Painleve 
equations. Because the elements that we have to invert, do not come in Hamiltonians derived 
from the Hamiltonians of the Heisenberg version of the confluent KZ equations, in the reduction 
process. Unfortunately, the result of [7J can not explain immediately a relation between the 
(confluent) KZ equations and Schrodinger equations of the quantum Painleve equations. We 
study them in the present paper. 

We consider following Schrodinger equations for the quantum Painleve equations: 

ft|U(x, t) = H, (x, ft t] $(x, t) (J = II, III, IV, V, VI), (1.1) 



X 



dt \ dx 



where h~ is a parameter in C and Hamiltonians Hj are obtained from polynomial Hamiltonians 
of the Painleve equations by substituting the operators x, hd/dx into the canonical coordi- 
nates q, p (see Definition 12. ip . The Schrodinger equations for the quantum Painleve equations 
of type III, V, VI have appeared as differential equations satisfied by correlation functions of 
two dimensional conformal field theory and expected to be differential equations satisfied by 
instanton partition functions of 377(2) gauge theories []]. 
As an example, the quantized Hamiltonian Hu is 

1 f k 9 V ( 2 t\ fc d 

-"ii = t: h-^- — \ x + - n— — h ax, 



dx J \ 2 J dx 

where a is a complex parameter. It is easy to see that the different ordering of the operators 
x and d/dx can be absorbed in the parameter a. The other quantized Hamiltonians Hj also 
have same property. 

Another property of the quantized Hamiltonians is that they act on @™ Cx l if a = mfi with 
a nonnegative integer m. Consequently, we can consider polynomial solutions 

$0M) = ^^(*y 

i=0 

and the Schrodinger equations for the quantum Painleve equations ( 11. ip become linear differ- 
ential systems for <Pi(t) (i = 0, 1, . . . ,m). We remark that this property is also satisfied by 
Schrodinger equations for a quantization of other Painleve systems or isomonodromy deforma- 
tions, for example, the Gamier system [5]. 

When m = 1 and J = II, the linear differential system is 

-^o(t) = -~<pi(t), J t ^i{t) = <Po{t)- 

Namely, ipi(t) satisfies the Airy equation. For the cases of J = III, IV, V, VI, y?i(£) satisfy the 
Bessel equation, the Hermite- Weber equation, the Kummer equation and the Gauss hypergeo- 
metric equation, respectively. 

In terms of the integral representation, a polynomial solution t) for m = 1 and J = II 
can be expressed as 

= J exp ^— ut — g - " 3 ^ ( x ~ u)du 

for an appropriate cycle V. For general m G Z>o, polynomial solutions are expressed by a 
generalization of the integral formula above. 

Let pj(u) (J = II, III, IV, V, VI) be the master functions of the integral formulas of the Airy 
function, the Bessel function, the Hermite- Weber function, the Kummer function and the Gauss 
hypergeometric function, respectively (see Definition 12.41) . 

Theorem 1.1. Form £ Z> , the integral formula 

/m 
II (Ui-u^Hp^ix-u^dUi (1.2) 
- l<i<j<m i=l 

is a solution of the Schrodinger equations for the quantum Painleve equation of type J with 
a = mh. Here, V is an m-cycle of the homology group determined by the integrand. 



These integral formulas have been studied in various fields, such as, two dimensional confor- 
mal field theory, random matrix theory(in particular the /3-ensembles, for example, see [2] and 
references therein), the theory of the orthogonal polynomials, and the theory of hypergeometric 
functions. In particular, if h = 1 and T = YYlLi Ti, where r\ is an appropriate cycle for t), 
the integral formulas $ m (o;,t) (m G Z>o) are orthogonal polynomials in x with respect to the 
weight function pj(u). Because the orthogonal polynomials admit determinant representations 
(for example, see [IT], Chapter II), we have 



Corollary 1.2. Ifh—1, then determinant formulas 



Pi(x,t) = det 
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where tj = rj(t) = f r ^p(u)du, rj 



(0 
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(0 



(t) = J" u l p{u)du, are solutions of the Schrddinger 



equations for the quantum Painleve equations of type J = II, III, IV, V, VI with a 



m. 



We note that the coefficients of x m in P^(x,t) 
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are tau functions of the Painleve equations Pj (J = II, III, IV, V, VI) (for example, see [1], 
[10J and references therein). This is because if h = 1, then the Schrddinger equations for 
the quantum Painleve equations are related to isomonodromy deformations for the Painleve 
equations [T6] . 

As mentioned above, the quantum Painleve equations are related to two dimensional confor- 
mal field theory. It is known that the Knizhnik-Zamolodchikov (KZ) equation can be viewed 
as a quantization of the Schlesinger equations, which is isomonodromy deformation with reg- 
ular singularities j6], [15]. On the other hand, the sixth Painleve equation is derived from the 
Schlesinger equation and the other Painleve equations are derived from the irregular Schlesinger 
equations jH]. We give a representation theoretic correspondence between the (confluent) KZ 
equations and the Schrddinger equations for the quantum Painleve equations. 

Let Mi, M 2 , and M 3 be Verma modules with highest weights 7q , 7q 2 \ and 7q 3 ' ) for sl 2 . We 
consider the KZ equation on the tensor product of three Verma modules M = Mi cg> M 2 cg> M 3 
with three points 0, t, 1. Let Hkz the Hamiltonian of the KZ equation. 

Theorem 1.3. For 7q ^ ^ (i — 1)2,3,) and m £ Z>o, the action of Hkz on the space of 
singular vectors of weight Y^=i lo ' > ~ ^ m ^ s equivalent to the action of the quantized Hamiltonian 
Hyj on the subspace ©^gCx 1 of the polynomial ring C[x] with a = mh. 



In the cases of J 



II, III, IV, V, we consider the confluent KZ equations defined in [Tj. 
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Theorem 1.4. Form £ Z> 0; the actions of Hamiltonians of the certain confluent KZ equations 
are equivalent to the actions of the quantized Hamiltonians Hj (J = II, III, IV, V) with a = mh~. 

In these cases, we do not consider the space of singular vectors. 

The remainder of this paper is organized as follows. In section 2, we present integral formulas 
and prove that the integral formulas are solutions to the Schrodinger equations for the quantum 
Painleve equations. Moreover, we give determinant formulas for solutions. In section 3, we recall 
the definition of the (confluent) KZ equations corresponding to the Schrodinger equations for 
the quantum Painleve equations and give a representation theoretic correspondence between the 
(confluent) KZ equations and the Schrodinger equations for the quantum Painleve equations. 
We also give a symmetry of the Schrodinger equations for the quantum Painleve equations with 
respect to H — > —h in quantized Hamiltonians. 

2. Integral formula 

In this section, we present integral formulas taking values in ®^ Cx* (m £ Z>o) and show 
that they are solutions to the quantum Painleve equations. 

Definition 2.1. Quantized Hamiltonians Hj are defined as 



where a, b, c, d £ C. 

Remark 2.2. The spectral problem of the Hamiltonian Hyi is the Heun equation, which is 
equivalent to the BC\ Inozemtsev model. This was known as the Painleve- Calogero correspon- 
dence [9], HE]. 

As mentioned in Introduction, the Schrodinger equations for the quantum Painleve equations 
have polynomial solutions in x because of the following Proposition. 

Proposition 2.3. The quantized Hamiltonians ifj act on ®^ Cx l (m £ ^>o) if and only if 
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Proof. It is sufficient to compute the action of Hj on x m . If J = II, then, 

H u x m = (a - mh) x m+1 - l -mhx m + l -m{m - l)h 2 x m - 2 . 

Hence, Hn acts on ®™ Cx* if and only if a = mh. 

For the other cases, we can prove Proposition 12.31 in the same way. □ 

From Proposition I2.3[ the Schrodinger equations for the quantum Painleve equations have 
polynomial solutions = YllLo (Pi{t)x l and then become linear differential systems of 

(fiit). We show that polynomial solutions are expressed in terms of integral formulas 

of hypergeometric type. 

Definition 2.4. We define the master functions pj as follows. 

p V i(w, t, a, b, c, d) = u- a - b -\l - u)- c -\t - u)- d , 
Pv(u, t, b, c) = m _6_1 (1 — u)~ c ~ l exp(iit), 

pw{u, t, b) = u~ b ~ l exp (^-ut + > 
pm{u, t, b) = u^ 1 exp f ~ - uj , 
pn(u,t) = exp ( — ( ut H — u 3 



3 

Theorem 2.5. For m e Z> , i/ie integral formulas 

P m 

l<i<j<m i=l 

where is an m-cycle of the homology group determined by the integrand and 

(a, 6, c,d) J = VI, 

' (M ' j = v ; 

b J = III, IV, 

are solutions to the Schrodinger equations for the quantum Painleve equations of type J = II, III, IV, V, VI 
with a = mh or of type VI with b + c + d = (m — l)h. 

Let singular loci Uj C C m (J = II, III, IV, V, VI) be defined as 
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For a rational function (p(ui, . . . , u m ) holomorphic outside Uj, denote by ((p(ui, . . . , u m )) t 
an integral formula 



n 



m l<i<j<m 



t«i - Uj 



,2fi 



]^[pj(«i,a)v?(Mi, • • .,u m )dui 



i=l 



Let Vj (z = 1, . . . , m) be the differential defined by 



d d 

v * = ^ + ^( iog ( n (^-%) 2fi n^(^'*> a ) 

vl<i<j'<m 



i=l 



By definition, it holds 
(Vi (</?(«!,.. .,w m ))> 



r m Q ( m 
/ Il^'g - ( II {Ui-u j ) 2h \^p 3 {u il ai)(p{u 1 ,... 1 u r 

^ r m j=i 2 \l<i<j<m i=l 



0. 



Note that the polynomial YliLi( x ~ u i) ^ n the integral formula is symmetrical with respect to 
the integral variables u\, . . . , u m . It is convenient to use the symmetrization for computations 
of the integral formula. Let Sym [<p(ui, . . . , u m )} be the symmetrization given by 

Sym[tp(ui,...,u m )} = — ^ f{ua(i), - ■ ■ ,u a{m) ), 



where & m is the symmetric group of degree m. 

A proof of Theorem 12.51 for the case of J = VI. Let Q^(x, t, a, b, c, d, h) be written as 



Q%(x, t, a, b, c, d, h) = X^("l) fc+1 ( ? ) ( Sym 



fc=0 



m—k 



Z=l 



where 
have 
5 



is the binomial coefficient. Denote Sym LJ^i^ u i by For fc = 0, 1, . . . , m, we 



<9f 



{(fk)m = (k-m)d ( Sym 



t — u 



m—k 



m—k— I 

i) n «* 



2=1 



\ / 1 m_ ^ 

) -fed ( Sym TT 

/ \ t-u m _ k+1 fj- 



Applying Lemma [2.61 below, we obtain 
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t(i - l) — (ip k } m = (m -k)t(a + b- kh) ((fik+i), 



(2.1) 



- {(m - k)t(a + b + c + d - (m + k - l)H 
-k(a + b + d(l - t) - (k - l)h))} (<p k ) m 
-k(a + b + c + d-(m + k- 2)H) (tp k -i) m ■ 

On the other hand, the action of the Hamiltonian ifyi on &£(x, t, a, b, c, d, K) is easily calculated 
and we see that the coefficient of x k of 

t(t-l)^Q%(x,t,a,b, c,d, h) 

6 



^ J coincides with the right hand side of ( 12. ip . which finishes the proof. □ 



Lemma 2.6. For, k — 1, 



t(t - 1) ( Sym 



d 



t — u 



m—k 



m, we have 

m—k— l 

- n «< 



i=i 



-( a + b + d (l-t)-kh)(<p k+1 ) m (2.2) 
+ (a + 6 + c + rf-(m + A; - l)h) (tp k ) . 



m—k 

Vi - Mi) Y[ u l 







Proof. In order to prove (I2.2p . we compute 

X = (sym 
as follows. From the definition, we get 
X = - {a + b + d(l - t)) (<p k +i) m + {a + b + c + d) (<p k ) m - t(t - 1) ( Sym 



1=2 



d 



t — U 



m—k 



m—k— I 

n «. 



i=i 



+ 2h(sym 



EMl(l - Mi) 
— ; u 2 ■ -u m -k 



1=2 



Ui - Ui 



Since the symmetrization is invariant under the action of & m on the integral variables ui, 
we have 



2 ( Sym 
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1=2 



Ux(l — u 



Ul - Ui 



-U 2 ■ ■ - Um-k 



Sym 
- ( Sym 



E 



ui(l - Ui) 



1=2 
m—k 

E 

. 1=2 



Ui - Ui 
Ul(l - Ui) 



-U2 ■ ■ ■ U m -k 



Ui - Ui 



-UiU 2 ■ --Ui_iUi + i ■ ■ -u m _ k 



Sym 



m , s 

E«i(l - Ui) 
U 2 ■ ■ - Um-k 



Ui - Ui 



J=m— fc+1 

-~k (<Pk+i) m — (m + k — 1) (<p k ) m . 



Therefore, we arrive at ( 12. 2p . 



□ 



For the other cases, we can verify Theorem 12.51 in the similar way. It also follows from 
Theorem 13 A\ Theorem 13. 6|. Theorem 13.81 Theorem I3.10l in section 3, and Proposition 4.2 in [7]. 
We give an another proof of Theorem 12.51 for the case of J = V in section 3. 

As mentioned in Introduction, if h = 1 and Y J m = YlJLi rf , where T( is an appropriate cycle 
for $i(x, t), then the integral formulas $^(x,t) (m G Z> ) are expressed by the determinant 
formulas -P^t^, t) (11.31) and P m (x, t) are orthogonal polynomials in x with respect to the weight 
functions pj(x). Namely, it holds that 



Pi(x,t)P^(x,t)pj(x)dx = 0. 



From Theorem 12.51 we have 



Corollary 2.7. If h = I, then the determinant formulas P^(x,t) (J = II, III, IV, V, VI^ are so- 
lutions to the Schrddinger equations for the quantum Painleve equations of type II, III, IV, V, VI 
with a = m or of type VI with b + c + d = m— 1. 

3. Relation to the KZ equation 

In this section, we give a representation theoretic correspondence between the Schrodinger 
equations for the sixth quantum Painleve equation and the KZ equation, and between the 
Schrodinger equations for the other quantum Painleve equations and the confluent KZ equa- 
tions, which were defined directly in [7J and can be derived from the irregular conformal field 
theory [13] . In what follows, we only give necessary facts on confluent KZ equations in this 
paper. See [7J for the detail. 

Let us recall the definition of confluent Verma modules in [7J. Set g = s[ 2 and g[z] = g ®C[z\. 
Denote by e, /, h the standard basis of g. For non-negative integer r, denote by g^ and g'^ 
the truncated Lie algebras g[;z]/z r+1 g[z] and g', s = zg[z]/z r+1 g[z], respectively. For an (r + 1)- 
tuple parameters 7 = (70, . . . , 7 r -i, 7r) G C r x C x , a confluent Verma module M(j) of Poincare 
rank r is a cyclic g^-module generated by 1 7 such that 

(e<g>z p )l 7 = 0, (/i(g) z p )l 7 = 7 P 1 7 {0<p<r). 

For the Lie subalgebra g',s = z g[z]/z r+l g[z], a confluent Verma module M'(j) of Poincare rank 
r with parameters 7 = (71, . . . ,j r ) G C r-1 x C x is a cyclic g'^ ©C(/i <8> z°)-module generated 
by 1 7 such that 

(e®2 p )l 7 = 0, (h® z p )l 7 = 7 P 1 7 (l<p<r), (/i® z )l 7 = 0, 

and e® z r and f ® z r act as zero operators on M'(j). 

Let differential operators (0 < k < r — 1) be defined as 

acting on M{j) as 

D k {x®z p )=p{x®z p+k ) (x Gg,0<p<r), D fc (l 7 ) = 0. 
Here we regard x ® z p as an operator on M{^f). 

Example 3.1. For the g'^ case, M'(7 1; 7 2 ) is realized on the polynomial ring C[x]. The action 
of x £g> z p (x G g, p = 1, 2) are following. 

1 d - 
e®z = 7 2 2 — , e ® z 2 = 0, f®z = ^lx, f ® z 2 = 0, /i<8> 21 = 71, /i © z 2 = 7 2 . 
ox 

Let zi, . . . , z n be distinct points in C and let r 1; . . . , r n , be non-negative integers. Set 
a = (®" =1 0^) © g^ 00 - 1 , where gW = g^.) (z = 1, . . . , n) and g* 00 ) = g'( r v We consider a family 
of a-modules 

M( 7 ) = M (1) ® ■ ■ ■ ® M (n) ® M (oo) , 
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parametrized by 7 = (7^, . . . , y( n \y(°°n , where 

M (i) = M(7 W )? 7 (0 = ^(0 . . _ ;7 (^ G C n x C x ; 

M (oo) = M'(r/W), 7 (oo) = (7i oo) , . . • ,7^ } ) e C^ 1 x c x . 

Set 1 7 = l 7 (i) g) • • • <g) l 7 (n) <g) l 7 (oo). 

The confluent KZ equations defined in [7J are differential systems for unknown functions 
$(2,7) taking values in M(j) with respect to the following differential operators 

- (, = l,...,n), 

Df (i = l,...,n,k = 0,...,n-l), 
(* = l,...,r 00 -l). 

If rj = (1 < i < n) and = 0, then the confluent KZ equations are equal to the usual KZ 
equations. 

It was shown in [7J that the confluent KZ equations have integral formulas of confluent 
hypergeometric type for solutions. 

3.1. The case of J = VI. Let n = 3, n = 0, z x = 0, z 2 = t, z 3 = 1 and 7J Z (1 < i < 3). 
Then M = M(7q ) <g) M(7q 2 ' ) ) (g) M(y^) and the KZ equation for an unknown function $(£) 
taking values in M is 



v * * - 1 , 

Here k is a complex parameter and are the Casimir operators: 

Q (l,2) = e (!) /( 2) + /( l) e (2) + l h (D h (2) i n (2,3) = g (2) /( 3) + /( 2) e (3) + ^(2)^(3) ^ 

where a;W : M — >■ M is the linear operator acting as x on zth tensor factor and as identities on 
the others, and here and after, we abbreviate x <8> z° to x, for x = e, f, h. 

Let W m (m G Z> ) be the space of singular vectors of the weight Y^=i 7o — 2m in M, 
namely, 

3 3 / 3 



W 7 ™ = < u e M 



j=l i=l \ i=l 

If 7o*' ) ^ Z, then the dimension of W m is known to be m + 1 (for example, see Proposition 4.1.1 
in 0). 

In order to write down a basis of VF m , we take the differential realizations C[xi\ (1 < i < 3) 
of g, that is, the basis e, f,h of g act on C[xj] as follows: 

e = d h h = -2XA + % l) , f = -x\di + ^ } x i} 

where ofj = d/dxi. Note that if 7g ^ Z, then C[:r.j] are isomorphic to Verma modules M^^ 1 ). 
We set M(y®) = Cfa]. 



The space of singular vectors W m can be written by 

rn 

W m = C(xi - x 2 )\x 1 - x 3 ) m -\ (3.2) 



8=0 



We denote by H KZ the Hamiltonian tt^^/t + fi( 2 ' 3 7(t - 1). Let H KZ (m) be defined as 



t t - 1 

We define linear isomorphisms T m : W m — >■ ©™ Cx l (m G Z> ) as 

T m ((a* - x 2 ) < (x 1 - a*)" 1 "*) = x l (0 < i < m). 

Theorem 3.2. For 7g G" Z (1 < i < 3) and m G Z> 0; i/ie action of H^ z on the space of 
singular vectors of weight Y^=ilo — 2m is equivalent to the action of the quantized Hamiltonian 
Hyi on the subspace ©^qCx* with a = mh or b + c + d = (m — l)h. Namely, we have 

T m o H KZ {m) = (llvi (x, h^-, a, b, c, d, tj + a ( b + c + d + h) ^ ^ ^ ^ ^ 

as linear maps from W m to Cx l with 

7 «= m -l-|, (3.4) 

T ( 2 ) = I( a + 6 + c + d+(l_ m )ft) j 7 J 3 ) = m - 1 - ^±*, (3.5) 

and 

a = mh or b + c + d — (rn — l)h. (3.6) 

Proof. It follows from direct computations. □ 

We note that the condition 7q 1 ' ) G" Z ensures M(tq ) = C[xj], and for any 7^ G C (1 < i < 3), 
it holds (I3.3p as linear maps from ®™ C(xi — x 2 )*(xi — a; 3 ) m " 1 to ©™ with the conditions 
( ED , ( 1331) . and ( 13~6D . 

From Theorem 13.21 we obtain a solution to the KZ equation ( 13. ip from the integral 
formula $^(x,t) for a solution to the Schrodinger equation for the sixth quantum Painleve 
equation, that is, 

v(t) = t^^y^t - lY^^y-T^i^ix,^) 

obtained by replacing h, a + b, c, d with 

-, a + b = h(m- 1 -7o 3) ), c = h{m - 1 -7^), = ^(7^ + 7 f } + 7 ^ 3) + 1 - m), 



respectively. Conversely, from Theorem 13. 2^ we obtain 



U 2 k^ - Hy^j T m = 0, 
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where *(t) = - l)-U 2) ^ 3) )/«#(£). If K = then T m (*(t)) = $J£(a;,t). Taking 

k = —1/h, we have 

+ -ffrv j $ m *j ~ a > — b, — C, -d, — /i) = 0. 

This implies the following symmetry. 

Proposition 3.3. If a function & Y1 (x,t,a,b,c,d,h) is a solution to the Schrddinger equation 
for the quantum sixth Painleve equation , then the function \I/ VI (x, t, a, b, c, d, H) defined as 

^ VI (x, t, a, 6, c, d, K) = <£> VI (x, t, -a, -6, -c, -d, h) (3.7) 

is a solution to 

where H'yi are obtained by replacing h with —h~ in Hyi. 

Proof. It follows from direct computations. □ 

3.2. The case of J = V. Let n = 2, ri = r 2 = 0, = 1, z\ = 0, and z 2 = 1. Then 

M = M(7q 1 ^) £g> M(7q 2 ^) (g) M / (7|°°' ) ) and the confluent KZ equation for an unknown function 
( ^(7i°°' ) ) taking values in M is 



( G o - ^o(/'n- 2) )*(,-'). (3.8) 



where k G C, G^ = G<3 + G^ + gJ, 2) , 



gL 2 J = - hi^h^ + e {1) / (2) + / {1) e^ + ^ (1) /i (2) , 
Gf =- ( e« /W + /W e W + IfcMfcflA (i = 1,2), 



/ iQ = /,(l) + /,(2)_ 

Let M m (m G Z> ) be the weight space of M with the weight 7q 1 ' ) + 7q 2 ' ) — 2m, namely, 

A^m = |f G M ho(v) = ( 7 ? } + 7<? } - 2m) i; 
m 

= 0c(/«) i (/W) m -*v 

i=0 

An integral formula taking values in M m for solutions to the confluent KZ equation (13.81) is 

n^exp ~ 7 w m) n (m-u^u^ /K (i-^r° /k (3.9) 

- i=l ^ ' l<i<jf<m i=l 

v (ooAfr^ (1) / (2 Mi 



where T is an appropriate cycle (see Proposition 4.2 in [7]). 
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We define linear isomorphisms T m : M m — > 0™ Cx l {m G Z> ) as 
T m {(f {1) y(f (1) + / (2) ) m ^l 7 ) =x l (0 < i < m). 
Theorem 3.4. For m e Z> 0; we have 

T m o (g^ ~ W h o + 2) + = (4^v fx, mft, b, c, t ) ) o /;, 



as linear maps from M m to ®™ Cx* wi/i 

7o 7o 7i (3.1U) 

Proof. It follows from direct computations. □ 

A proof of Theorem 12.51 for the case of J = V. Substitute (I3.10P into (13. 9p . Then we 

have 

° ^y(oo) , 1, „ ^ Ct \ 



Kt- - Gr + ^(ho + 2) - — 1 = 0, 



where 



n (tii-^n^^-'a-ui)-^- 1 (3.113 

- i=l l<i<j<rn i=l 

(, m \ m 

n(/ (i) -(/ (i) +/ (2) K) v 
i=l / i=l 



From Theorem 13.41 we obtain 

<9t h? 

H K — l/h, then (I3.12p becomes 



^4-i^v)T m ($(t)) = 0. (3.12) 



h^--Hy(x,h^-,mh,b,C,t) ) ^J.r.t.lKr.])) 0. 



From (I3.12p . an equation 

h 2 K—&(x, t) = Hy I x, /i— , mh, b,c,t) $(x, t) 

OT \ OX J 

also has integral formulas for solutions. Especially, taking k = — l/h, we have 
h— + Hy \x, h—, mh, b, c, t) j $m( x 5 ~ ^ ~ ~ c ? ~~ R) = 



□ 



dt \ ' dx 

from (13. lip . This implies the following symmetry. 

Proposition 3.5. If a function $> Y (x,t,a,b,c,h) is a solution to the Schrddinger equation for 
the quantum fifth Painleve equation, then the function ty Y (x, t, a, b, c, K) defined as 

^ v (x, t, a, b, c, k) = $ v (a;, -t, -a, -b, -c, h) (3.13) 
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is a solution to 

h^ Y (x,t)=H' v V V (x,t), 
where H'y are obtained by replacing H with —H in Hy. 

Proof. It follows from direct computations. □ 

3.3. The case of J = IV. Let n = 1, r x = 0, = 2, and z x = 0. Then M = M{^) g> 
M'(j[ , 72 ^) and the confluent KZ equation for an unknown function \1/(7{ 00 ' ) ) taking values 
in M is 



^^^tT) = (GT + 2^7rj *(7D, (3-14) 
where k G C, 

G M = _ e (l) (/ g, z) (oo) + /( l) (e g, z) (oo) + V) 7 M 

Here a;* 00 -* for x G gC 2 ^ ©C(/i © 1) stands for the linear operator acting as x on M'( / -f[°°\ 72 ) 
and as identity on the other. 

Let M m (m G Z> ) be the weight space of M with the weight 7^ — 2m, namely, 



M m = {vE M 



h (v) = (7^ - 2m J w 



=0 €(/«)*((/ ®;0<~>r-*L. 



8=0 



An integral formula taking values in M m for solutions to the confluent KZ equation (13.141) is 



m 

Y[d Ul n (ut-u^nur* /k (3.15) 

i=l X<i<j<m i=l 

x ex P ( - ^ ( Ui7 r + )) n ( f — - (f ® -) (oo) ) 17, 



ex P bL ^ + y7^ ' II - 

\ i=l x ' / 1=1 x 



where F is an appropriate cycle (see Proposition 4.2 in [7]). 

We define linear isomorphisms T m : M m — >■ 0™ Cx* (m G Z> ) as 

T m ((/ (1) ) 1 ((/ © z)^) m ~ l 1 7 ) = X 1 (0 < i < m). 

Theorem 3.6. For m G Z>o, we have 

,(00) 1, (00) A 1 ^ / ^9 



T m o [G\ + 2^o7i J = ( x > m K b,t) oT n 



as linear maps from M m to ®™ <Cx l with 



(1) & (00) t (oo) 1 

Proof. It follows from direct computations. □ 
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As in the cases of J = V, VI, Theorem 13.61 implies the following symmetry. 

Proposition 3.7. If a function & w (x,t,a,b,h) is a solution to the Schrddinger equation for 
the quantum fourth Painleve equation, then the function \I/ IV (x, t, a, b, H) defined as 

^ IV (x, t, a, b, K) = $ w (V^lx, V^Tt, -a, -b, K) (3.16) 

is a solution to 

h^ w (x,t)=H' w ^ w (x,t), 
where H'iy are obtained by replacing h with —H in Hiy. 

Proof. It follows from direct computations. □ 

3.4. The case of J = III. Let n = 1, n = 2, = 1, and z x = 0. Then M = M^,^) g> 
-^ 7 (7i°°' ) ) an d the confluent KZ equation for an unknown function ^/( / ~f[ 00 ^) taking values in M 
is 

^^^frf* ) = (g^ - \h (h + 2)) HffrM), (3-17) 

where k6C, 

Let M m (m G Z>o) be the weight space of M with the weight Jq — 2m, namely, 

M m = |t> G M /i (f ) = (7^ - 2m) u 

=0c(/ (i) ) i ((/^) (i) r i i r 

8=0 

An integral formula taking values in M m for a solution to the confluent KZ equation (I3.17P is 



Y[d Ui n (^-^) 2/K n^ 1)/K (3.i8) 

i=l l<i<j<m i=l 



X 



exp (*M~ 71 ]JEK~ + ^H 7: 



where T is an appropriate cycle (see Proposition 4.2 in [7]). 

We define linear isomorphisms T m : M m — > 0™ Cx l (m G Z> ) as 

T m ((/«) 4 ((/ ® ^)«) m_J 1 7 ) = x l (0 < • < m). 

Theorem 3.8. For m G Z> , we /icwe 

T m o (g^ - ^h {h + 2) + ^iSf" ) = (V mh, b,t)oT„ 
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as linear maps from M m to ©™ Cx* with 

„M -2( m -i)-t 

Proof. It follows from direct computations. □ 

As in the cases above, the Schrodinger equation for the quantum third Painleve equation has 
the following symmetry. 

Proposition 3.9. If a function <& m (x,t,a,b,h) is a solution to the Schrodinger equation for 
the quantum third Painleve equation, then the function \& (x, t, a, b, K) defined as 

V m (x, t, a, b, h) = $ m (-x, *, -a, -b, h) (3.19) 

is a solution to 

where H'm are obtained by replacing h with —h in Hm. 

Proof. It follows from direct computations. □ 

3.5. The case of J = II. Let n = and r m = 3. Then M = M'(j[°°\ ^°°\ 7 J X)) ) and the 
confluent KZ equation for an unknown function 1 I r ( 7l (X ^) taking values in M is 

«^»)_^*( 7 J»)) = [g^ - \ ( 7 <~>) 2 - i 7 w + \h^H^) (3-20) 

where k£C and 

= i ({e ® ^) (oo) (/ ® ^) (oo) + (/ ® ^) {oo) (e ® ^) (oo) + \((h® z)^) 2 
Let M m (m 6 Z> ) be the weight space of M with the weight —2m, namely, 

M m = \v E M 



= C((/ ® ^) (oo) )*((/ ® ^ 2 ) (oo) ) m - i i 7 . 

i=Q 

An integral formula taking values in M m for a solution to the confluent KZ equation f)3.20p is 

/m / 1 m / 2 3 \ \ 

n (^-^) 2/K ex P -EN^i^+i^ 1 ( 3 - 21 ) 
- i=l l<«<j<m \ 4=1 ^ ~ * ' / 

m 

xn((/^) (oo) +(/® 22 ) (oo) ^) 



where T is an appropriate cycle (see Proposition 4.2 in [7]). 

We define linear isomorphisms T m : M m — > ®™ Cx* (m G Z> ) as 

T m (((/ ® ^^((Z ® ^ 2 ) (oo) ) w - i l 7 ) = (0 < i < m). 
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Theorem 3.10. Form 6 Z> , we have 



as linear maps from M m to ®™ Cx l with 

(OO) t (qo) (oo) 2 

7x = jr, 7 2 =0, 73 =~ n - 
Proof. It follows from direct computations. □ 

As in the cases above, the Schrodinger equation for the quantum second Painleve equation 
has the following symmetry. 

Proposition 3.11. // a function $ n (x, t, a, K) is a solution to the Schrodinger equation for the 
quantum second Painleve equation, then the function ^ (x, t, a, h) defined as 

¥\x, t, a, K) = &\-x, t, -a, h) (3.22) 

is a solution to 

h^ n (x,t) = H> ll V u (x,t), 
where H'u are obtained by replacing h with —K in Hiy. 

Proof. It follows from direct computations. □ 
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